A digraph X = (V, E) is max-λ, if λ(X) = δ(X). A digraph X is super-λ if every minimum cut of X is either the set of inarcs of some vertex or the set of outarcs of some vertex. In this paper, we ′ ll prove that for all but a few exceptions, the strongly connected mixed Cayley digraphs are max-λ and super−λ.
Introduction
Let X = (V, E) be a digraph, where V is a finite set and E is an irreflexive relation on V , thus E is a set of ordered pairs (u, v) ∈ V × V such that u = v, the elements of V are called the vertices or nodes of X and the elements of E are called the arcs of X, arc (u, v) is said to be an inarc of v and an outarc of u. If u is a vertex of X, then the outdegree of u in X is the number d + X (u) of arcs of X originating at u and the indegree of u in X is the number d − X (u) of arcs of X terminating at u. The minimum outdegree of X is δ + (X)=min{d + X (u) | u ∈ V }, the minimum indegree of X is δ − (X)=min{d − X (u) | u ∈ V }, we denote by δ(X) the minimum of δ + (X) and δ − (X).
An arc-disconnecting set of X is a subset W of E such that X\W=(V, E\W) is not strongly connected. An arc disconnecting set is minimal if no proper subset of W is an arc disconnecting set of X and is a minimum arc disconnecting set if no other arc disconnecting set has smaller cardinality than W . The arc connectivity λ(X) of a nontrivial digraph X is the cardinality of a minimum arc disconnecting set of X.
The positive arc neighborhood of a subset A of V is the set ω + X (A) of all arcs which initiate at a vertex of A and terminate at a vertex of V \A. The negative neighborhood of subset A of V is the set ω are max-λ and super-λ but a few exceptions.
We denote by Aut(X) the automorphism group of X. The graph X is said to be vertex transitive if Aut(X) acts transitively on V (X), and to be edge transitive if Aut(X) acts transitively on E(X). It is proved that these two kinds of graphs usually have high connectivity. For instance, connected vertex transitive graphs have maximum edge connectivity [4] , and connected edge transitive graphs have maximum vertex connectivity [8] .
For a ∈G, the right multiplication R ′ (a): g → ga, g ∈ G, is clearly an automorphism of any Cayley digraph of G. Let R ′ (G)={R ′ (a): a∈G}, then R ′ (G) is a subgroup of the automorphism group of any Cayley digraph. In following proposition, we ′ ll prove that R(G) = {R(a)|R(a) : (g, i) → (ga, i), for a, g ∈ G and i=0,1} is also a subgroup of the automorphism group of any mixed Cayley digraph. proof. (1) ((g 1 , i), (g 2 , i)) ∈ E(X) ⇔ g 2 = s i g 1 for some s i ∈ S i ⇔g 2 a = s i g 1 a⇔((g 1 a, i), (g 2 a, i)) ∈ E(X)⇔R(a)((g 1 , i), (g 2 , i)) ∈ E(X) for i = 0, 1. ((g 1 , 0), (g 2 , 1)) ∈ E(X)⇔g 2 = t 0 g 1 for some t 0 ∈ T 0 ⇔ g 2 a = t 0 g 1 a⇔((g 1 a, 0), (g 2 a, 1)) ∈ E(X)⇔R(a)((g 1 , 0), (g 2 , 1)) ∈ E(X). ((g 2 , 1), (g 1 , 0)) ∈ E(X) ⇔g 2 = t 1 g 1 for some t 1 ∈ T 1 ⇔g 2 a = t 1 g 1 a⇔((g 2 a, 1), (g 1 a, 0)) ∈ E(X)⇔R(a)((g 2 , 1), (g 1 , 0)) ∈ E(X). So for any a ∈ G, R(a) is an automorphism of the mixed Cayley digraph X, thus R(G) ≤ Aut(X), and since R(g −1 1 g 2 )((g 1 , i)) = (g 2 , i) for any g 1 , g 2 ∈ G, Aut(X) acts transitively both on X 0 and X 1 . 
Many results we need in this paper
Proposition 2.1 [8] Let X = (V, E) be a strongly connected digraph and let A and B be positive(respectively, negative) arc fragments of X such that A B and B A. If A ∩ B = ∅ and A ∪ B = V , then each of the sets A ∩ B, A ∪ B, A \ B and B \ A is an positive (respectively, negative) arc fragments of X. ✷ Corollary 2.2 Let X = M D(G, S 0 , S 1 , T 0 , T 1 ) be strongly connected mixed Cayley digraph, If λ(X) < δ(X), distinct positive(respectively, negative) λ−atoms are vertex disjoint. ✷ An imprimitive block for a group Φ of permutations of a set T is a proper, nontrivial subset A of T such that if ϕ ∈ Φ then either ϕ(A) = A or ϕ(A) ∩ A = ∅. Theorem 2.3 [8] Let X = (V, E) be a graph or digraph and let Y be the subgraph or subdigraph induced by an imprimitive block A of X. Then 1. If X is vertex-transitive then so is Y . 2. If X is a strongly connected arc-transitive digraph or a connected edge-transitive graph and A is a proper subset of V , then A is an independent subset of X. 3. If X = Cay(G, S) and A contains the identity of G, then A is a subgroup of G. ✷ Theorem 2.4 [8] If X = (V, E) is a strongly connected digraph, but not super−λ and has δ(X) > 2, then distinct positive(respectively, negative) λ−superatoms of X are vertex disjoint. ✷ Theorem 2.5 [8] Every strongly connected vertex-transitive digraph X satisfies λ(X) = δ(X). ✷ 3 Arc-connectivity of the mixed Cayley digraph
In this section, we ′ ll prove that for all but a few exceptions, the mixed Cayley digraph is max-λ. Clearly, if either T 0 or T 1 is empty, X = M D(G, S 0 , S 1 , T 0 , T 1 ) isn ′ t strongly connected, so in following paper, we suppose that T 0 = ∅ and T 1 = ∅.
Proof. Without loss of generality, we suppose A is a positive λ-atom.
(1) If Y is not strongly connected, there exists a proper subset B of A such that ω
be a strongly connected mixed Cayley digraph and A be a λ-atom. If λ(X) < δ(X), then |A ∩ X i | ≥ 2 where
Proof. Without loss of generality, suppose A is a positive λ-atom.
Since X is strongly connected and λ(X) < δ(X), we have δ(X) ≥ 2. By proposition 3.1
be a strongly connected mixed Cayley digraph and A = A 0 ∪ A 1 be a λ−atom, where
And it
′ s easy to verify that R(g
Using proposition 1.5(1) and theorem 2.5, we can deduce that R(g
be a strongly connected mixed Cayley digraph, and A be a λ−atom of X, let A i = A ∩ X i , then if λ(X) < δ(X), we have that (1) V (X) is a disjoint union of distinct positive(respectively,negative) λ−atoms of X.
Proof. (1) Without loss of generality, set A be a positive λ−atom, by proposition 1.5, Aut(X) acts transitively both on X 0 and X 1 . Because λ(X) < δ(X), from theorem 2.5, X isn ′ t vertex transitive. Thus X has exactly two orbits X 0 and X 1 , by lemma 3.2, |A i | ≥ 2, so at least one vertex of X i lines in A respectively. So every vertex of X lines in a positive λ−atom. By corollary 2.2, V (X) is a disjoint union of distinct positive λ−atoms.
be a strongly connected mixed Cayley digraph with λ(X) < δ(X) and A = A 0 ∪ A 1 be a λ−atom, where
is strongly connected by proposition 3.1, there must exist at least an element t i ∈ T i such that 1) ) and d
If X is a strongly connected mixed Cayley digraph with λ(X) < δ(X), from lemma 3.4, V (X) is the union of distinct positive (respectively, negative) λ−atoms of X. Set A is a λ−atom of X and A i = A ∩ X i , for i=0, 1. Now we introduce a class of digraphs consisting of the following eight classes of digraphs, denoted by Γ, 
where |A 0 | = |A 1 | < δ(X) and Class 1 satisfies
The Class 2 satisfies
The Class 3 satisfies
The Class 4 satisfies
the Class 1 ′ satisfies
The Class 2 ′ satisfies
The Class 3 ′ satisfies
The Class 4 ′ satisfies
Clearly, the Class 1 and the Class 3 are equivalent to the Class 1 ′ and the Class 3 ′ respectively. And we can also easily prove that the Class 2 and the Class 4 are equivalent to the Class 4 ′ and Class 2 ′ respectively.
be a strongly connected mixed Cayley digraph. Then X is not max−λ if and only if X belongs to the class of digraphs Γ.
Proof. Necessity. If λ(X) < δ(X), by proposition 3.6, we set that d
is true only if one of the following conditions holds.
clearly, under this subcase X is Class 1.
clearly, under this subcase X is Class 2.
clearly, under this subcase X is Class 3.
clearly, under this subcase X is Class 4.
, one of the following conditions holds,
clearly, under this subcase X is Class 1 ′ .
clearly, under this subcase X is Class 2 ′ .
Case
clearly, under this subcase X is Class 3 ′ .
clearly, under this subcase X is Class 4 ′ .
Sufficency, it is clearly true. ✷
is a strongly connected mixed Cayley digraph, X is Class 1 or Class 1 ′ if and only if
(1) There exists a non-empty proper subgroup H of G and S 0 contains an element s 0 such that < S 0 ∪ {1 G } \ {s 0 } >≤ H and |H| < δ(X), and (2) There is an element t 0 ∈ T 0 such that
Proof. Necessity. Because Class 1 is equivalent to Class 1 ′ , without loss of generality, we set X is Class 1, then Assume (1 G , 0) ∈ A 0 , by lemma 3.3, H 0 ≤ G. Let H = H 0 , then under this situation we can achieve the following results easily,
Analogously, we can achieve the following proposition 3.9, 3.10 and 3.11 easily.
is a strongly connected mixed Cayley digraph, X is Class 2 or Class 4
′ if and only if
(1) There exists a non-empty proper subgroup H of G such that G 0 =< S 0 >≤ H and |H| < δ(X), and (2) There are two distinct elements t 0 , t
is a strongly connected mixed Cayley digraph, X is Class 3 or Class 3
(1) There exists a non-empty proper subgroup H of G and some element s 1 ∈ S 1 such that < S 1 ∪ {1 G } \ {s 1 } >≤ H and |H| < δ(X), and (2) There is an element t 1 ∈ T 1 such that (1) There exists a non-empty proper subgroup H of G such that G 1 =< S 1 >≤ H and |H| < δ(X), and (2) There are two distinct elements t 1 ∈ T 1 and t
Put the above propositions together, we get the following theorem. an element s 0 such that < S 0 ∪ {1 G } \ {s 0 } >≤ H and |H| < δ(X), and (1.2) There is an element t 0 ∈ T 0 such that
(2.1) There exists a non-empty proper subgroup H of G such that G 0 =< S 0 >≤ H and |H| < δ(X), and (2.2) There are two distinct elements t 0 , t
There exists a non-empty proper subgroup H of G and some element s 1 ∈ S 1 such that < S 1 ∪ {1 G } \ {s 1 } >≤ H and |H| < δ(X), and (3.2) There is an element t 1 ∈ T 1 such that
(4.1) There exists a non-empty proper subgroup H of G such that G 1 =< S 1 >≤ H and |H| < δ(X), and (4.2) There are two distinct elements t 1 ∈ T 1 and t
So all the strongly connected mixed Cayley digraphs but a few exceptions are max-λ .
Super arc-connectivity of mixed Cayley digraph
If a digraph isn ′ t max-λ, it is also not super-λ. So in this section, we prove that the mixed Cayley digraph, which is max-λ but not super-λ, is only a few exceptions. A weak path of a digraph X is a sequence u 0 , ..., u r of distinct vertices such that for i = 1, ..., r, either (u i−1 , u i ) or (u i , u i−1 ) is an arc of X. A directed graph is weakly connected if any two vertices can be joined by a weak path. The following proposition is clearly true.
Proof. By contradiction. Because X is strongly connected, |T 0 | ≥ 1 and |T 1 | ≥ 1. If δ(X) = 1 , one of the following conditions holds:
Proof. Suppose A is a positive λ−superatom. Then λ(X) = |ω
There is a class of special mixed Cayley digraph, which is that one of Cayley(G × {0}, S 0 ) and Cayley(G × {1}, S 1 ) is a union of disjoint directed cycles, and the other is a union of disjoint directed cycles with length two, and BD(G, T 0 , T 1 ) is a union of disjoint directed cycles with length two. The class of special mixed Cayley digraphs is denoted by F. So assume A = {u, v}, B = {v, w} with u = w, thus d
When δ(X) = 1. Since A ∩ B, A \ B and B \ A are arc-fragments of X, d
And because X is a strongly connected digraph, we can get X is a directed cycle, a contradiction. When δ(X) = 2, then d
are weakly connected and A, B and A ∪ B are arc fragments, we can deduce
Because X is strongly connected, X is a cycle, a contradiction. 
where
The proof is similar to the lemma 3.5.
We give two classes of digraphs which aren ′ t super-λ. The first of class digraphs consists of the strongly connected mixed Cayley digraphs X = M D(G, S 0 , S 1 , T 0 , T 1 ) which contain λ−superatoms lining in X 0 or X 1 . This class of digraphs is denoted by G. The second class of digraphs consists of the strongly connected mixed Cayley digraph X = M D(G, S 0 , S 1 , T 0 , T 1 ) all of whose λ−superatoms contain at least one vertex of X 0 and X 1 respectively, denoted by L.
Theorem 4.8 Let X = M D(G, S 0 , S 1 , T 0 , T 1 ) be max−λ, but not super−λ, if X is neither a directed cycle nor a cycle and X doesn ′ t belong to F, then X belongs to G if and only if X satisfies one of the following conditions:
Proof. Necessity. Because A ⊆ X 0 or A ⊆ X 1 , we have δ(X) ≥ 2 by the lemma 4.2. So Y is a |S 0 | regular digraph with order δ(X).
Similarly, if A ⊆ X 1 , we can prove that if X is not super−λ, then
So Y is a |S 0 |−regular digraph with order δ(X), thus
So we have that
Similarly, if A ⊆ X 1 , we can achieve that if X is not super−λ then
Sufficiency. For condition (1), because of |T 0 | ≥ 1 and
so A is a nontrivial λ−fragment. 1) ) and d 1) ). So we set d 
Where A is a λ−superatom and A i = X i ∩ A, and 
Class 5
Class 6 Class 7
Class 8
Class 9 Class 10
Class 11
Class 12 Class 13 Class 14
Where A is a λ−superatom and A i = X i ∩ A, and Class 11 satisfies that |S 0 | − r 
Where A is a λ−superatom and A i = X i ∩ A, and All of the kinds of the special digraphs of F are denoted by R.
Theorem 4.9 Let X = M D(G, S 0 , S 1 , T 0 , T 1 ) be max−λ, but not super−λ, if X is neither a directed cycle nor a cycle and X doesn ′ t belong to F, then X belongs to L if and only if X belongs to R Proof. Necessity. Because X is not super−λ and all the λ−superatoms contain at least one vertex of X 0 and X 1 respectively.
2.1
A is a positive λ−super atom. (1)There exists a non-trivial proper subgroup H of G and S 0 contains an element s 0 such that < S 0 ∪ {1 G }\{s 0 } >≤ H and |H| = δ(X), and (2) There is an element t 0 ∈ T 0 such that
Proof. Necessity. Because the class of Class 1 is equivalent to the class of Class 1 ′ , without loss of generality, we set X belongs to the class of Class 1, then Assume (1 G , 0) ∈ A 0 , by lemma 4.5, H 0 ≤ G. Let H = H 0 , then under this situation we can achieve the following results easily,
, and A is not nontrivial. ✷ Analogously, we can get the following proposition from 4.11 to 4.23. (1) There exists a non-trivial proper subgroup H of G such that G 0 =< S 0 >≤ H and |H| = δ(X), and (2) There are two distinct elements t 0 , t
is a strongly connected mixed Cayley digraph, and X belongs to L, then X is Class 3 or Class 3
(1) There is a non-trivial proper subgroup H of G and some element s 1 ∈ S 1 such that < S 1 ∪ {1 G }\{s 1 } >≤ H and |H| = δ(X), and (2) There is an element t 1 ∈ T 1 such that
is a strongly connected mixed Cayley digraph, and X belongs to L, then X is Class 4 or Class 2 ′ if and only if
(1) There exists a non-trivial proper subgroup H of G such that G 1 =< S 1 >≤ H and |H| = δ(X), and (2) There are two distinct elements t 1 , t 
